Abstract. We prove that, under rather general conditions, the 1-cohomology of a von Neumann algebra M with values in a Banach M-bimodule satisfying a combination of smoothness and operatorial conditions, vanishes. For instance, we show that if M acts normally on a Hilbert space H and B 0 ⊂ B(H) is a norm closed M-bimodule such that any T ∈ B 0 is smooth (i.e. the left and right multiplication of T by x ∈ M are continuous from the unit ball of M with the s * -topology to B 0 with its norm), then any derivation of M into B 0 is inner. The compact operators are smooth over any M ⊂ B(H), but there is a large variety of non-compact smooth elements as well.
Introduction
Given a von Neumann algebra M and a Banach M -bimodule B, an element T ∈ B is smooth (over M ) if the left and right multiplication of T by elements in M are continuous from the unit ball of M with the s * -topology, into B with its norm topology. The space s * M (B) (or s * (B) for simplicity) of all smooth elements in B is itself a Banach M -bimodule and we investigate in this paper the question of whether the 1st cohomology with values in a smooth closed M -bimodule B 0 ⊂ s * (B) vanishes. In other words, whether any derivation δ : M → B 0 (i.e., a linear map satisfying δ(xy) = xδ(y) + δ(x)y, ∀x, y ∈ M ) is "inner", in the sense that there exists T ∈ B 0 such that δ(x) = T x − xT , ∀x ∈ M .
We in fact only consider Banach M -bimodules B that are operatorial (over M ), i.e., for which the norm on B satisfies the axiom pT p + (1 − p)T (1 − p) = max{ pT p , (1 − p)T (1 − p) }, for all T ∈ B and all projections p in M , and they will usually be assumed dual and normal.
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Typeset by A M S-T E X 1 The prototype example of a dual normal operatorial M -bimodule is the space of all linear bounded operators B(H) on the Hilbert space H on which M is represented. Its smooth part s * (B(H)) is a hereditary C * -subalgebra of B(H) that contains the space of compact operators K(H). But unless M is a direct sum of matrix algebras, s * (B(H)) is much bigger, containing a large variety of smooth elements that are non-compact (see 1.6, 1.7 hereafter).
We first prove that if B is a dual normal operatorial M -bimodule, then any derivation δ from M into a closed sub-bimodule B 0 ⊂ s * (B) can be "integrated" to an element in B 0 on any abelian von Neumann subalgebra of M , and show that if M satisfies some very weak regularity condition (e.g. if M has a Cartan subalgebra, or if it has the property (Γ) of [MvN2] ), then any element in B 0 implementing δ on a diffuse abelian subalgebra automatically implements δ on all M . We also prove a similar statement for smooth derivations of M into an arbitrary (not necessarily dual normal) operatorial Banach bimodule B 0 , i.e. for derivations that are continuous from the unit ball of M with the s * -topology into B 0 with its norm topology. The precise statement is as follows: 0.1. Theorem. Let M be a von Neumann algebra with the property that any II 1 factor summand of M contains a wq-regular diffuse abelian von Neumann subalgebra. Let B 0 be an operatorial Banach M -bimodule and δ : M → B 0 a derivation. Assume that either δ is smooth, or B 0 is a closed sub-bimodule of the smooth part of a dual normal operatorial M -bimodule B, i.e. B 0 ⊂ s * (B). Then there exists T ∈ B 0 such that δ = adT , T ≤ δ .
The wq-regularity condition in the above statement requires that M has a diffuse abelian von Neumann subalgebra A ⊂ M such that one can "reach out" from A to M inductively, by a chain of algebras, A = N 0 ⊂ N 1 ⊂ .... ⊂ N ı = M , such that for all  < ı, N +1 is generated by unitaries u ∈ M with the property that uN  u * ∩ N  is diffuse. We mention that in the case a derivation δ takes values into a smooth M -bimodule B 0 that's contained in a dual normal M -bimodule, we actually prove that δ follows automatically smooth, without the wq-regularity condition.
Our second main result shows that in the specific case B = B(H), 0.1 holds true even without the wq-regularity assumption: any smooth valued derivation of any von Neumann subalgebra M into B(H) is inner. More precisely, we prove: 0.2. Theorem. Let M ⊂ B(H) be an arbitrary von Neumann algebra represented on a Hilbert space H. Let B 0 ⊂ s * (B(H)) be a Banach M sub-bimodule and δ : M → B 0 a derivation. Then there exists T ∈ B 0 such that δ = adT , T ≤ δ .
In particular, since the compact operators are smooth over any von Neumann algebra, the above result recovers a result in [P3] , sowing that any derivation of a von Neumann algebra with values into the space of compact operators, is implemented by a compact operator. It also provides an answer to a question posed by Gilles Pisier, concerning derivations from a C * -algebra with a trace (M 0 , τ ) (such as the reduced C * -algebra of a free group, C * r (F n ), 2 ≤ n ≤ ∞), represented on a Hilbert space H, with values in B(H), satisfying 2 -B(H) type continuity conditions. Indeed, the existence of such a derivation δ implies that the representation of M 0 is automatically "normal with respect to τ " on the non-degenerate part of δ, and that δ extends to a smooth derivation of M = M ′′ 0 into s * M (B(H)), so 0.2 applies to get: 0.3. Corollary. Let M 0 be a C * -algebra with a faithful trace τ and M 0 ⊂ B(H) a faithful representation of M 0 . Let δ : M 0 → B(H) be a derivation. Assume δ is continuous from the unit ball of M 0 with the topology given by the Hilbert norm x 2 = τ (x * x) 1/2 , x ∈ M 0 , to B(H) with the operator norm topology. Then there exists T ∈ B(H) such that δ = adT and T ≤ δ .
As we mentioned before, the prototype example of a smooth operatorial Mbimodule is the space of compact operators K(H) on the Hilbert space H on which M is represented, a case studied in [JP] , [P2,3] . The initial motivation for our work has in fact been to provide an abstract setting for this case, and find the largest degree of generality for which arguments in the spirit of [JP] , [P2,3] can be carried over. At the same time, we were hoping to find M -bimodules for which the vanishing cohomology on abelian subalgebras (as in [JP] ) and automatic extension properties (as in [P2] ) do hold, while the arguments in [P3] , showing the vanishing cohomology for arbitrary II 1 factors, don't.
Results that show vanishing of the 1-cohomology with coefficients in B(H) for arbitrary II 1 factors, like in Theorem 0.2 above, can be relevant for the similarity problem (cf. [Ch] , [Ki] , [Pi3] ). In turn, the existence of a smooth M -bimodule B 0 for which a II 1 factor M has non-inner derivations, would imply, via Theorem 0.1, that M has no diffuse abelian wq-regular subalgebra (so in particular, M would have no Cartan subalgebras, would be prime, etc). This falls within the larger scope of finding a cohomology theory for II 1 factors that's non-vanishing (and if possible calculable) and that could detect important properties of II 1 factors, such as absence of regularity, or infinite generation. We do not provide smooth such B 0 's here and it may be that in fact 0.1, 0.2 hold true for all II 1 factors and all smooth bimodules. We leave the clarification of this aspect as an open problem.
The paper is organized as follows. In Section 1 we define the smooth part of a Banach M -bimodule, prove the main properties (1.2, 1.3, 1.8) and provide examples. In particular, we show that if M ⊂ B(H) is a diffuse finite von Neumann algebra then the smooth part of the M -bimodule B(H) contains infinite dimensional projections along "Gaussian", "CAR" and "free" directions (see 1.6, 1.7). In Section 2 we consider smooth valued derivations and show that they can be "integrated" on abelian subalgebras (see 2.5). The proof of this result follows ideas and techniques from [JP] . In Section 3 we introduce the notion of wq-regularity for subalgebras and prove Theorem 0.1 (see 3.7, 3.8), by showing that if a smooth valued derivation δ has been integrated to a smooth element T on a diffuse abelian subalgebra that's wq-regular in M , then T automatically implements δ on all M . We in fact prove a stronger result, involving a property that generalizes properties (Γ) in [MvN2] and (C) in [P2] , and that we call (C ′ ) (see 3.6). The proofs in this section consist of a refinement of arguments in [P2] .
In Section 4 we prove Theorem 0.2 and deduce Corollary 0.3 (see 4.1 and 4.5). The proof of 4.1 follows the same strategy as in the case of compact valued derivations in [P3] , but the additional technical difficulties are significant. We overcome them by using the incremental patching technique in [P4,6,7] . Section 5 contains general remarks, including a generalization of Theorem 4.1 that recovers results in [PR] (see 5.1), the definition of smooth n-cohomology for n ≥ 2 (5.2) and some final comments on smooth cohomology (5.3). For convenience, we have included an Appendix with the proof of a general "continuity principle", extracted from [P2,3] , used several times in this paper. For the basics of von Neumann algebras, we refer the reader to the classic monographs [D] , [T] .
Smooth bimodules
Recall that if M is a unital Banach algebra (which we will in fact always assume in this paper to be a von Neumann algebra), then a Banach M -bimodule B is an Mbimodule with the property that 1 M T = T 1 M = T , ∀T ∈ B, and the left and right multiplication operations M × B ∋ (x, T ) → xT ∈ B, B × M ∋ (T, x) → T x ∈ B are bounded bilinear maps. For simplicity, we will in fact always assume that
If in addition B is the dual of a Banach space B * and for each x ∈ M the maps B ∋ T → xT ∈ B, B ∋ T → T x ∈ B are continuous with respect to the σ(B, B * ) topology (also called weak * -topology), then B is called a dual M -bimodule. Finally, if M is a von Neumann algebra, B is a dual M -bimodule and for each T ∈ B the maps M ∋ x → xT ∈ B, M ∋ T → T x ∈ B are continuous from (M ) 1 with the σ(M, M * )-topology (also called ultraweak topology), then we say that the dual M -bimodule B is normal.
Definitions. 1
• Let M be a von Neumann algebra and B a Banach Mbimodule. An element T ∈ B is smooth (with respect to M ) if the maps x → xT , x → T x are continuous from (M ) 1 with the s * -topology to B with the norm topology. We denote by s * M (B) (or simply s * (B) if no confusion is possible), the set of smooth elements T ∈ B and call it the smooth part of the M -bimodule B. The Banach M -bimodule B is smooth if s * (B) = B. A subset S of a Banach Mbimodule B is uniformly smooth if ∀ε > 0, there exists a s * -neighborhood V of 0 in M such that if x ∈ (M ) 1 ∩ V, then T x , xT ≤ ε, ∀T ∈ S. Note that if (M, τ ) is a finite von Neumann algebra with a faithful normal trace τ (the case of most interest for us), then this amounts to the existence of some α > 0 such that if x ∈ (M ) 1 , x 2 ≤ α, then xT , T x ≤ ε, where as usual
denotes the Hilbert norm implemented by τ .
• If B is operatorial, then B/B 0 , with its quotient norm and M -bimodule structure, is an operatorial Banach M -bimodule.
5
• The bidual B * * of B has a natural dual M -bimodule structure and if B is operatorial, then so is B * * . 6
• Let B be a dual normal M -bimodule. Then its predual B * has a natural Banach M -bimodule structure which is smooth ( i.e. s *
, for ϕ ∈ B * , p ∈ P(M ), and thus it is not operatorial in general.
Proof. 1
• s * (B) is clearly closed to addition and scalar multiplication. Also, if T n ∈ s * (B) and lim n T n − T = 0 for some T ∈ B, then for any ε > 0 there exists n 0 such that T − T n 0 ≤ ε/2. Also, since T n 0 ∈ s * (B), there exists an
Moreover, xT B/B 0 , T x B/B 0 ≤ ε as well, proving 2
• and 3
• . Parts 4
• , 5
• are trivial by the definitions. The fact that s * M (B * ) = B * in 6
• is (Lemma 5 in [R] ) and the last part of 6
• is trivial.
Proposition. 1
• If M is embedded as a * -subalgebra in a unital C * -algebra B with 1 M = 1 B , then B with its left and right multiplication by elements in M is an operatorial Banach M -bimodule and s * M (B) is a hereditary C * subalgebra of B which is both an M -bimodule and an M ′ ∩ B-bimodule.
2
• Assume M ⊂ B(H) is a normal representation of M . Then the hereditary C * -algebra s * (B(H)) ⊂ B(H) contains the space of compact operators K(H) and it is both an M -bimodule and an M ′ -bimodule. 3
• With M ⊂ B(H) as in 2
• let P ⊂ M be a von Neumann subalgebra and H 0 ⊂ H a Hilbert subspace such that the projection p of H onto H 0 commutes with P . Then ps
The smoothness of an element is clearly invariant to left-right multiplication by elements commuting with M . 2
• We in fact have that for any bounded net of operators x i ∈ B(H) converging s * to 0, and any
• follows trivially from the fact that smoothness over P is invariant to left-right multiplication by elements in P ′ . 4
• If x n ∈ (M ) 1 satisfies τ (x * n x n ) = x n 2 2 → 0, then by using that e P (y) = E P (y)e P , where E P denotes the τ -preserving conditonal expectation of M onto P , and the fact that E P (x * n x n ) converges to 0 in the s * -topology, we get:
Similarly T e P x n → 0. The same calculation shows that if
1.4. Lemma. Let (M, τ ) be a finite von Neumann algebra, M ⊂ B(H) a normal representation of M , H 0 ⊂ H a Hilbert subspace and p = proj H 0 .
Proof. The first equivalence in 1
• is just a reformulation of the condition of smoothness for the orthogonal projection proj H 0 . If q n are mutually orthogonal projections in P(M ), they converge to 0 in the strong operator topology, so q n p → 0, as required. Conversely, if this latter condition is satisfied for all sequence of orthogonal projections, then by (proof of Theorem in [P1] ; see Lemma A.1 here enclosed), it follows that x n p → 0 for any sequence
, satisfies x 2 ≤ 1 and we take y ∈ M , then y(x) 2 = yx 2 ≤ y 2 x ≤ C y 2 . This shows in particular that if y ∈ (M ) 1 satisfies y 2 ≤ α then yp ≤ Cα, so p is smooth.
• is satisfied, i.e. there exists some C > 0 such that
The next two results provide a large variety of concrete examples of smooth and strongly smooth non-compact elements in the case M is a finite von Neumann algebra and the target bimodule is B(L 2 M ). We distinguish three remarkable classes of infinite rank smooth projections p = proj H 0 : (a) any "Gaussian Hilbert subspace" H 0 ⊂ L 2 M , along an arbitrary diffuse abelian von Neumann subalgebra A of M (see 1.6.2
• below); (b) any "CAR Hilbert subspace" H 0 ⊂ L 2 M, along an arbitrary hyperfinite II 1 subfactor R of M (see 1.6.4
• below); (c) any "free Hilbert subspace" H 0 ⊂ L 2 M , generated by unitaries inM ⊂ L 2 M that are free independent (see 1.7.1
• ).
All these spaces are "thin" with respect to M , with the abelian "Gaussian directions" being particularly thin (they are smooth but not strongly smooth). It is quite interesting that s-smoothness is a purely non-commutative phenomenon, that only occurs when M is II 1 .
We are grateful to Assaf Naor and Gideon Schechtman for their help with the Gaussian example 1.6.2
• , and to Gilles Pisier for his help with the CAR example 1.6.4
• , below.
1.6. Proposition. Let (M, τ ) be a finite von Neumann algebra and M ⊂ B(L 2 M ) its standard representation.
• Assume M is diffuse and let A ⊂ M be a separable diffuse abelian von Neumann subalgebra. Let {ξ n } n ⊂ L 2 (A, τ ) be a sequence of independent and identically distributed real valued Gaussian random variables. If p denotes the orthogonal projection of L 2 M onto the Hilbert subspace H 0 generated by {ξ n } n , then
is a sequence of selfadjoint unitaries of trace 0 satisfying the canonical anticommutation relations (CAR) u i u j = −u j u i , ∀i = j, and we denote by H 0 ⊂ L 2 M the Hilbert space with orthonormal basis {u n } n , then the projection of L 2 M onto H 0 is s-smooth.
• If M has finite dimensional center, then M is finite dimensional and the statement becomes trivial. If in turn Z(M ) is infinite dimensional, then it follows isomorphic to ℓ ∞ (N) (because M has a faithful trace). Let {e k } k≥1 be the atoms in Z(M ) and p n = Σ n i=1 e k . Then p n are finite rank projections, i.e.
, and they increase to 1. Thus, if
with τ corresponding to the integral over the Haar measure µ. If ξ = Σ n c n ξ n with c n ∈ R, Σ n |c n | 2 = 1, then ξ is still a Gaussian with the same distribution as the ξ n 's. Since the L 2 -norm of the restriction of a Gaussian ξ to the set X n = {t | |ξ(t)| ≥ n} decays exponentially in n 2 , it follows that the L 2 -norm of the restriction of ξ to an arbitrary set X ⊂ T of measure µ(X) ≤ µ(X n ) is majorised by ξχ X n 2 and thus tends to 0 as n tends to ∞, independently of ξ.
has dimension 1 ≤ n ≤ ∞ and satisfies the property that x ≤ C x 2 , ∀x ∈ H 0 , then C ≥ √ n (see e.g. [Pi1] ).
4
• Since M is type II 1 , it contains a copy of the hyperfinite II 1 factor R, which we can view as the weak closure of an increasing sequence of 2 n × 2 n matrix algebras B n ⊂ R. Moreover, by using the representation of ∪ n B n as the algebra of the canonical anticommutation relations (see e.g. [PoS] ), we can find inside it selfadjoint unitaries {u k } k with the properties: (a) u 1 , ..., u n ∈ B n and they generate B n as an algebra; (b) τ (u k ) = 0, ∀k ≥ 1; (c) u i u j = −u j u i , ∀i = j. But then for any c k ∈ R with Σ k |c k | 2 < ∞, the element x = Σ k c k u k satisfies the identities:
Thus, x * x = x 2 2 1 M . This shows that if we denote by H n the span of {u k | 1 ≤ k ≤ n}, then for any x = x * ∈ H n we have x * x = x 2 2 1 M , so in particular x = x 2 . For arbitrary x ∈ H n we thus get
Hence, if we let H 0 be the closure of ∪ n H n ⊂ L 2 R ⊂ L 2 M , then p = proj H 0 verifies condition 1.5 and is thus s-smooth.
Recall that a subset S of a group Γ is free, if the subgroup generated by S is the free group with generators in S, F S . [Ke] , for any x = Σ g c g u g ∈ L(Γ) with c g ≥ 0 and Σ g c g = 1, one has x = 1. This shows in particular that an element of the form
has norm x n = 1 while x n 2 = n −1/2 . Letting n tend to infinity shows that p S cannot be s-smooth.
1.8. Lemma. Let M be a von Neumann algebra, B an operatorial Banach Mbimodule and T ∈ s * (B) a smooth element. 1
• Given any ε > 0, there exists a normal state ϕ on M and α > 0 such that if p 1 , ..., p n ∈ P(M ) is a partition of 1 with projections that commute with T and
Proof. 1 • Since T is smooth, given any ε > 0, there exists a normal state ϕ on M and α > 0, such that if
2
• This is now immediate from part 1 • , because B diffuse implies that for any normal state ϕ on M and any α > 0 there exist partitions of 1 in B of ϕ-mesh less than α.
Derivations into smooth bimodules
Recall from [R] that any derivation is automatically continuous from M with the operator norm topology to B with its norm topology. We say that δ is smooth, if it is continuous from (M ) 1 with the s * -topology to B with its norm topology. Thus, if M is a finite von Neumann algebra with a faithful normal tracial state τ , this amounts to the continuity of δ from (M ) 1 with the Hilbert norm 2 given by τ , to B with its norm.
If B is a dual M -bimodule and δ : M → B is a derivation, then we say that δ is weakly continuous, if it is continuous from the unit ball of M with the ultraweak topology (i.e., the σ(M, M * )-topology) to B with its w * -topology (i.e., the σ(B, B * )-topology). Recall from [R] that if the dual M -bimodule B is normal, then any derivation of M into B is automatically weakly continuous in this sense.
If δ is a derivation of M in a Banach M -bimodule B, then we denote by K 0 δ the norm closure of the convex hull of {δ(u)u
We will prove in this section that smooth valued derivations of von Neumann algebras can be "integrated in abelian directions".
2.2. Proposition. Assume δ : M → B is a smooth derivation of a von Neumann algebra M into a Banach M -bimodule B. Then we have: 1 • δ is continuous from the unit ball of M with the ultraweak topology to B with the σ(B, B * ) topology (i.e., δ is weakly continuous as a derivation of M into the dual M -bimodule B * * ). 2
• If B is a dual M -bimodule, then δ is weakly continuous.
∈ C is continuous with respect to the s * -topology, and thus also continuous with respect to the ultraweak topology on (M ) 1 . This shows that δ is weakly continuous as a derivation into B * * . 2
• follows now from 1
• . 3
• If M is finite, then a basis of neighborhoods of 0 in the s * -topology is given by 2 -neighborhoods with respect to traces on M . Thus, for any ε > 0, there exists a normal trace τ on M and α > 0 such that if y ∈ (M ) 1 , y 2 ≤ α then δ(y) ≤ ε/2. Thus, if we take an arbitrary x ∈ (M ) 1 and y ∈ (M ) 1 with y 2 ≤ α,
This shows that δ(M ) ⊂ s * (B). It also shows that if α 0 > 0 is so that x ∈ (M ) 1 x 2 ≤ α 0 implies δ(x) ≤ ε 0 /2, then for any u ∈ U(M ) we have xδ(u)u * ≤ δ(x) + δ(xu) ≤ ε 0 . Thus, if in addition B is a dual M -bimodule, by the inferior semicontinuity of the norm on B with respect to the σ(B, B * )-topology, it follows that
and K δ is uniformly smooth.
2.3. Lemma. Let B be an amenable von Neumann algebra, B a dual B-bimodule and δ : B → B a derivation. If either B is normal over B, or if B is abelian, then there exists
Proof. Recall from [R] that δ is automatically norm continuous.
For each T ∈ B and u ∈ U(M ), we let
by taking convex combinations of elements of the form δ(v)v
* , and then σ(B, B * )-closure, this shows that
Since B is amenable, there exists an amenable subgroup U 0 ⊂ U(B), such that U ′′ 0 = B. Moreover, if B is abelian, then we can take U 0 = U(B). By the MarkovKakutani fixed point theorem applied to the amenable group of affine transformations {T u | u ∈ U 0 } of the bounded σ(B, B * )-compact convex set K δ , we get some T ∈ K δ with the property that
If in turn B is merely amenable but B is assumed normal/B, then by [R] δ follows automatically weakly continuous, and by using the fact that spU 0 is weakly dense in B and that adT is weakly continuous as well (by normality/B of B), it follows that
2.4. Corollary. Let B be a dual M -bimodule and δ : M → B a smooth derivation. If A ⊂ M is an abelian von Neumann subalgebra then there exists
We will now derive the main result of this section, showing that smooth valued derivations are inner on abelian and finite atomic von Neumann subalgebras. The proof follows the idea and line of proof of the case the target bimodule is the ideal of compact operators, in [JP] : 2.5. Theorem. Let M be a von Neumann algebra, B a dual normal operatorial M -bimodule and δ : M → B a derivation. Assume that δ takes values into a Banach sub-bimodule B 0 ⊂ s * (B).
is an atomic von Neumann subalgebra, then there exists a unique T ∈ K δ,B such that δ(b) = adT (b), ∀b ∈ B, and this T lies in B 0 .
• By Lemma 2.3, there exists
Note that for any projection p ∈ A we have pT − T p ∈ B 0 , and thus
Denote by P the set of all projections p ∈ A with the property that pT p B/B 0 = T B/B 0 . Assume P has a minimal projection e. If e is even minimal in A, i.e., Ae = Ce, then for any u ∈ U(A) we have:
where z ∈ T is so that eu = ze. This implies that eT ′ e = 0 for any T ′ ∈ K δ,A , so in particular eT e = 0, contradicting the fact that e ∈ P.
Thus, e is not minimal in A. But then, any non-zero projection f ∈ Ae with f = e, satisfies f, e − f ∈ P, so
This shows that P cannot have minimal projections. Let F be a maximal chain in P and denote f 0 the infimum over all f ∈ F . Since P has no minimal projections,
′ is a chain in P with infF ′ = 0. Using this fact, we construct recursively a decreasing sequence of projections f
′ have been constructed to satisfy this property for all 1 ≤ k ≤ n − 1. Since F ′ is a chain decreasing to 0 and f
, by the normality of the bimodule structure on B and the inferior semicontinuity with respect to the σ(B, B * )-topology of the norm on B, it follows that there exists
Applying the same reasoning on the right hand side, if follows that there exists a projection
′′ satisfies the required condition for k = n. We have thus constructed a sequence of mutually orthogonal projections e n = f ′ n − f ′ n+1 ∈ A, n ≥ 1, such that e n T e n > c, ∀n ≥ 1. Since T ∈ K δ,A , it follows that for each n, there exists u n ∈ U(A), such that e n δ(u n )u * n e n > c. Let now u ∈ A be defined by u = (1 − Σ n e n ) + Σ n u n e n . Then u ∈ U(A), ue n = u n , ∀n, and we have e n δ(u)u * e n = e n δ(e n u)u * n e n − e n δ(e n )e n = e n δ(u n )u * n e n , where we have used the fact that for any projection p ∈ M we have pδ(p)p = 0 (because pδ(p)p = pδ(p 2 )p = 2pδ(p)p). Thus, e n δ(u)u * e n > c, ∀n, contradicting the fact that δ(u)u * ∈ s * (B). Thus, the assumption T ∈ B 0 led us to a contradiction. This shows that T ∈ B 0 , proving 1
• .
2
• Let B = ⊕ k∈J B k , with each B k a finite dimensional factor, with matrix units {e k ij } i,j . Denote by V k the group of unitaries in B k that are sums of elements of the form ±e k ij . Also, for each finite set of indices
We let V = ∪ F V F , the union being over the finite subsets F ⊂ J. Note that V is a locally finite group (thus amenable) with V ′′ = B. By Lemma 2.3, there exists T ∈ K δ,B such that δ = adT on B. We will prove that T ∈ B 0 .
Like in the proof of part 1 • above, assume T B/B 0 > 0 and consider the set P of all central projections p ∈ P(Z(B)) with the property that pT p B/B 0 = T B/B 0 . If e ∈ P would be a minimal projection in P, then s k ≤ e for some k. But s k T s k ∈ B 0 . Indeed, this is because for each u ∈ U(B) we have
But if P does not have a minimal projections, then one can proceed exactly like in the argument in 1
• above, to get a sequence of mutually orthogonal projections e n ∈ Z(B) such that e n T e n > c > 0, ∀n. This implies that for each n there exists a unitary element u n ∈ U(B) such that e n δ(u n )u * n e n > c. Same way as in 1
• , the unitary element u = Σ n u n e n + (1 − Σe n ) ∈ B will then satisfy e n δ(u)u * e n = e n δ(u n )u * n e n , so that on the one hand we have e n δ(u)u * e n = e n δ(u n )u * n e n ≥ c, ∀n, but on the other hand, by smoothness of δ(u)u * ∈ B 0 , we have lim n e n δ(u)u * e n = 0, a contradiction. Now, to prove the uniqueness of such a T ∈ K δ,B implementing δ on B, notice that s k T s k is in the norm closure of the convex hull of
because of the invariance of the Haar measure. By taking convex combinations and norm closure, this shows that π has a single point range. Since the operator T implements δ, we also have
showing that any T ∈ K δ,B that implements δ coincides with the single point π(K) under s k .
2.6. Remark. Note that there are only two places in the above proof where we used the fact that the dual operatorial bimodule B is normal: (a) to deduce in part 1
• that if a net p i ∈ P(A) increases to some projection p ∈ A, then sup i p i T = pT , sup i T p i = T p , where T ∈ B is an element in K δ that implements δ on the abelian von Neumann subalgebra A; (b) to deduce in part 2
• that since δ and adT are weakly continuous, if they coincide on the * -subalgebra spV, which is weakly dense in the amenable von Neumann algebra B, then they must coincide on all B. Related to this, one should note that in case B is a dual operatorial Mbimodule (not necessarily normal), but δ is assumed smooth, then K δ is a uniformly smooth subset of s * (B) (by 2.2.3
• ), and since T in (a) and (b) lies in K δ , it will still satisfy both properties. We will use this observation in the proof of Theorem 3.8.
Vanishing 1-cohomology results
We show in this section that once a smooth valued derivation δ is implemented by a smooth element on a diffuse abelian von Neumann subalgebra satisfying some very weak regularity properties, then that element automatically implements δ on the entire von Neumann algebra.
We will also prove that smooth valued derivations are automatically smooth, i.e. if δ : M → s * (B) ⊂ B, then δ is continuous from (M ) 1 with the s * -topology to B with its norm topology.
Note that these results can be formulated in terms of properties of the 1-cohomolgy of M with coefficients in the smooth part of a bimodule B. Thus, if M is a von Neumann algebra and B is a Banach M -bimodule, then we denote by Z 1 (M, B) (respectively Z 1 s (M, B) ) the space of derivations (resp. smooth derivations) of M into B, by B 1 (M, B) (resp. B 1 s (M, B) ) the subspace of inner derivations (resp. derivations implemented by smooth elements of B) and by B) ) the corresponding quotient space.
With this terminology, our results show that if B is a dual normal operatorial
, then H 1 (M, B 0 ) = 0 whenever M contains a diffuse abelian subalgebra that satisfies the weak regularity property. We will also prove that, under this same regularity condition for M , if B is an arbitrary smooth operatorial Banach M -bimodule (not necessarily dual normal), then H 1 s (M, B) = 0, i.e., any smooth derivation of M into B is inner.
The weak regularity property that we consider is in the spirit of a similar concept considered for groups in (Definition 2.3 of [P5] ; see also 1.2 in [IPP] Notice that if ı 0 is the first ordinal of cardinality |M |, then this family is constant from ı 0 on. Let ı be the first ordinal for which B ı+1 = B ı . The algebra B ı is by definition the wq-normalizer algebra of B in M . If the wq-normalizer of B in M is equal to M , then we say that B is wq-regular in M . If the wq-normalizer of B in M is equal to B, we also say that B is wq-malnormal in M .
As in (2.3 of [P5] ), we can alternatively characterize the wq-normalizer as follows:
3.2. Lemma. Let B ⊂ M be a diffuse von Neumann subalgebra and N its wqnormalizer. If an intermediate von Neumann algebra B ⊂ Q ⊂ M satisfies the property that any v ∈ U(M ) with vQv * ∩ Q diffuse, must lie in Q, then Q contains N . Thus, the wq-normalizer of B in M is the smallest von Neumann subalgebra N ⊂ M containing B with the property that there exist no v ∈ U(M ) \ N with vN v * ∩ N diffuse, or equivalently, the smallest wq-malnormal subalgebra of M that contains B.
Proof. Let B 0 ⊂ ... ⊂ B ı = N be constructed by transfinite induction as in 3.1, with B ı the first ordinal having the property that B ı+1 = B ı . Assume we have shown that
by the definition of B +1 . But since Q contains B  we also have vQv * ∩ Q diffuse, so v ∈ Q. This shows that B +1 ⊂ Q. Also, if  ≤ ı has no predecessor and B n ⊂ Q, ∀n < , then the weak closure of ∪ n< B n is contained in Q. Altogether, these facts imply that B ı ⊂ Q.
3.3. Lemma. Let M be a von Neumann algebra, B a dual normal Banach Mbimodule and δ : M → B a derivation. If δ vanishes on two von Neumann subalgebras N 1 , N 2 ⊂ M , then it vanishes on the von Neumann algebra N 1 ∨ N 2 , generated by N 1 , N 2 . Thus, there exists a maximal von Neumann subalgebra of M on which δ vanishes, which we will denote by M δ .
Proof. Since if δ is equal to 0 on x, y ∈ M it is also 0 on the product xy, it follows that δ vanishes on the algebra generated by N 1 , N 2 , which is a * -algebra. By the weak continuity of δ, it follows that δ also vanishes on
• Assume M is of type II 1 with a faithful normal trace τ . For any ε > 0 there exists α > 0 such that if
• This is immediate from lemma 1.8.2
• , once we notice that if
• The first part follows from 1.8.1
• , and it implies trivially the last part.
3.5. Theorem. Let M be a von Neumann algebra, B a dual normal operatorial Banach M -bimodule and δ : M → B a derivation that takes values in a Banach sub-bimodule B 0 ⊂ s * (B), of the smooth part of B. 1 • δ is automatically smooth, with K δ a uniformly smooth subset of s * (B). 2
• Let M = N 0 ⊕ N 1 with N 0 finite atomic of M and N 1 having no finite atomic direct summand. Let B ⊂ M be a von Neumann subalgebra of the form N 0 ⊕ B 1 , with B 1 ⊂ N 1 a diffuse abelian von Neumann subalgebra. Then any T ∈ K δ that implements δ on B, must lie in B 0 . 3 • Let M = Q 0 ⊕ Q 1 be the decomposition of M with Q 1 of type II 1 with atomic center and Q 0 having no II 1 factor as direct summand. Given any abelian von
• Note first that by Theorem 2.5, δ is implemented by an element in B 0 ⊂ s * (B) on any given abelian von Neumann subalgebra of M . Since adT is smooth and takes values in B 0 for any T ∈ B 0 , by subtracting such an "inner" derivation from δ, it follows that given any abelian von Neumann subalgebra A ⊂ M , we may assume δ = 0 on A.
If M = M 0 ⊕M 1 with M 0 properly infinite and M 1 finite, then M 0 ≃ N 0 ⊗B(ℓ 2 N). From the above, it follows that we may assume δ = 0 on a diffuse MASA A 0 ⊂ 1 ⊗ B(ℓ 2 N). But such a MASA is regular in B(ℓ 2 N) and in fact, since its commutant contains N 0 , it is regular in M 0 as well. So by 3.4.1
• it follows that δ = 0 on all M 0 .
We are thus reduced to proving that δ is smooth on M 1 , i.e., we may assume M is a finite von Neumann algebra. By 2.5, by subtracting if necessary an inner derivation implemented by a smooth element, we may also assume δ vanishes on Z(M ). Let {p i } i ⊂ P(Z(M )) be a net of central projections increasing to 1 such that M p i has a faithful normal trace. We already know that for any sequence of mutually orthogonal projections e n ∈ M p i we have lim n δ(e n ) = 0 (this is because δ is implemented by elements in s * (B) on any abelian von Neumann subalgebra of M , in particular on the von Neumann algebra generated by {e n } n ). By Lemma A.1 in the Appendix, it follows that δ is smooth on each M p i . Note now that lim i δ(x(1 − p i )) = 0 uniformly in x ∈ (M ) 1 . Indeed, for if there exists c > 0 such that for all i, there exists j > i and x j ∈ (M ) 1 with δ(x j (1 − p j )) ≥ c > 0 then we can find an increasing sequence of indices
and the mutually orthogonal projections f n = p i n − p i n+1 satisfy f n δ(x) ≥ c/2, ∀n, contradicting the smoothness of δ(x).
2
• By Theorem 2.5, there exists T 0 ∈ K δ ∩ B 0 such that δ = adT 0 on B ⊂ M . But then δ 0 = δ − adT 0 still takes values in B 0 , and it vanishes on B. By part 1
• , δ is smooth so by Proposition 2.2, T ∈ K δ is smooth. Thus, since T − T 0 is both smooth and it commutes with B, we have T = T 0 ∈ B 0 .
3
• By 2.5.2
• , we may assume δ vanishes on the finite atomic part of M as well as on a diffuse regular subalgebra of a copy of B(ℓ 2 N) that splits off the properly infinite summand of M . Arguing like in part 1
• , it follows that δ vanishes on Q 0 and on A 1 .
3.6. Definition. Let M be a II 1 factor and N ⊂ M a von Neumann subalgebra. We say that N has property (C ′ ) in M (or that N ⊂ M satisfies (C ′ )) if the following holds true: For any finite set F ⊂ N and any ε > 0, there exist V ⊂ U(M ) finite with the following properties:
If M ⊂ M has (C ′ ), we simply say that M has property (C ′ ). Note that this property for M is weaker than property (C) of M , as defined in [P2] .
It is trivial by the definition that any abelian von Neumann subalgebra of M has property (C ′ ) in M . More generally, it is easy to see that any amenable von Neumann subalgebra N ⊂ M has property (C ′ ) in M . It has been shown in [P2] that if M either has a Cartan subalgebra or has property (Γ) of [MvN2] , then M has property (C), and thus (C ′ ) as well. Finally, note that property (C ′ ) is hereditary:
3.7. Theorem. Let M be a II 1 factor, B a dual normal operatorial M -bimodule, B 0 ⊂ s * (B) a Banach sub-bimodule and δ : M → B 0 a derivation. If M has a diffuse von Neumann subalgebra N which has the property (C ′ ) in M and is wq-regular in M , then there exists T ∈ K δ ∩ B 0 such that δ(x) = adT (x), ∀x ∈ M .
Proof. We first prove that given any finite set F = F * ⊂ N there exists T = T (F ) ∈ K δ such that δ(x) = adT (x), ∀x ∈ F , and thus for all x in von Neumann algebra M F ⊂ M generated by F .
By the property (C ′ ) of N ⊂ M , for any given ε > 0, there exists a finite set V = V (ε) ⊂ U(M ) with the property that x ∈ ε V ′′ and such that for any α > 0 there exist mutually commuting finite dimensional abelian subalgebras A v ⊂ M with all atoms of trace at most α,
be the von Neumann algebra generated by A v , v ∈ V , and let S = S(V, α) ∈ K δ,A be the (unique) element implementing δ on A. By Theorem 3.5, we have
is fixed in the process of taking A v (and thus A) with mesh α as small as we like, if we take α sufficiently small then by 1.8.1
• we get (δ − ad(S))(
Taking α n so that α ′ ≤ 2 −n−1 and denoting S n = S(V, α n ), we have thus constructed a sequence S n ∈ K δ with the property that (δ − adS n )(v) ≤ 2 −n , ∀v ∈ V . Thus, if we let S ′ be a weak limit point of {S n } n , then S ′ ∈ K δ and δ(v) = ad(S ′ ), ∀v ∈ V . Since δ and adS ′ are weakly continuous, this shows that δ = adS ′ on the whole von Neumann algebra generated by V . Take now ε = 2 −n and V n ⊂ U(M ) be a finite set satisfying x − E V ′′ n (x) 2 ≤ 2 −n , ∀x ∈ F , and property 3.6(b). Denote by T n the corresponding element S ′ (V n , 2 −n ) ∈ K δ with the property that δ coincides with adT n on the von Neumann subalgebra Q n = V ′′ n satisfying x − E Q n (x) 2 ≤ 2 −n , ∀x ∈ F . Let now T be a weak limit point of {T n } n . Since T n ∈ K δ and K δ is uniformly smooth, δ − adT n are uniformly smooth and thus
implying that δ = adT on F = F * . Hence, δ = adT on the whole von Neumann algebra generated by F .
With this at hand, we finally take a weak limit point of the net {T (F )} F , indexed by the finite subsets F = F * ⊂ N , to obtain an element T ∈ K δ that implements δ on all N . By Lemma 3.4, it follows that T actually implements δ on the wqnormalizer of N in M , thus on M . At the same time, if A 0 is a diffuse abelian von Neumann algebra of M then by 3.5 there exists S 0 ∈ K δ ∩B 0 implementing δ on A 0 . Thus, T − S 0 is smooth and commutes with A 0 , showing that T = S 0 ∈ K δ ∩ B 0 .
3.8. Theorem. Let M be a von Neumann algebra such that any II 1 factor summand of M has a diffuse, wq-normal subalgebra N with the property (C ′ ) in M . Let B be a smooth operatorial Banach M -bimodule and δ : M → B a smooth derivation. Then δ is implemented by an element T ∈ B with T ≤ δ .
Proof. We can view δ as a (smooth) derivation of M into the bidual B * * of B, taking valuse in the closed sub-bimodule B of s * (B * * ). Note that by 1.2.4
• is a dual operatorial M -bimodule. By Proposition 2.2, since δ is smooth, δ : M → B * * is weakly continuous.
Let A ⊂ N be a diffuse abelian von Neumann subalgebra. Thus, by Corollary 2.4, δ is implemented on A by some
By smoothness of δ, T 0 is smooth in B * * (i.e. it belongs to s * (B * * )), so by the proof of Theorem 2.5 (see Remark 2.6), we actually have
From this point on, the argument in the proof of 3.7 goes unchanged, to deduce that there exists T ∈ K δ such that δ = adT on N , then by wq-normality, on all M . Since adT coincides with adT 0 on a diffuse subalgebra, by 1.8.2
• , we actually have
3.9. Remark As we mentioned at the beginning of this section, Theorems 3.7, 3.8 can be viewed as vanishing 1-cohomology results, showing that for II 1 factors M the 1-cohomology with values in a closed submodule B 0 of the smooth part of a dual normal operatorial M -bimodule B, H 1 (M, B 0 ) (respectively the smooth 1st cohomology H 1 s (M, B)) vanishes as soon as M satisfies some rather weak decomposability properties. In particular, this is the case if M has a Cartan subalgebra, more generally if M has a diffuse amenable subalgebra whose quasi-normalizer generates M . As well as for non-prime factors M (i.e., factors that can be decomposed as a tensor product of two II 1 factors) and for factors having property (Γ) of ).
The class of factors covered by Theorems 3.7, 3.8 contains many group factors L(Γ), with Γ infinite conjugacy class (ICC) groups. For instance, all wreath product groups Γ = H ≀ G, with H non-trivial, are in this class. Indeed, if H is finite, then L(Γ) has L(H (Γ) ) as an amenable diffuse regular von Neumann subalgebra. If |H| = ∞, then L(H) contains a diffuse abelian von Neumann subalgebra A, and any such algebra is wq-regular in L(Γ). Another class of group factors covered by 3.7 are L(Γ n ) for Γ n = P SL(n, Z), n ≥ 3. This is because any such Γ n contains a chain of infinite abelian subgroups H 1 , ..., H m that generate Γ n and so that H i commutes with H i+1 for all i. Thus, L(Γ n ) has diffuse abelian von Neumann subalgebra (e.g., L(H 1 )) that are wq-regular in L(Γ n ). It is interesting to note that in all these cases the L 2 -cohomology of the group Γ vanishes as well (cf. [G] ). Note that P SL(2, Z) and the free groups F t , 2 ≤ t ≤ ∞, do not have this property. In fact, by results in [Dy] , the free group factors L(F t ) do not have property (C) of [P2] . The same proof shows that they do not satisfy the weaker condition (C ′ ) either. But despite the many in-decomposability properties one knows to prove for the free group factors (primeness, solidity, absence of diffuse amenable subalgebras with non-amenable normalizing algebra, etc), the fact that M = L(F t ) doesn't have any wq-regular diffuse abelian von Neumann subalgebra is still an open problem. If one could find some smooth L(F t )-bimodule B for which H 1 (L(F t ), B) = 0, then by 3.7, 3.8 it would follow that L(F t ) doesn't even have a diffuse wq-regular subalgebra with property (C ′ ).
The case B = B(H)
We will prove in this section that if the target M -bimodule is a closed subspace B 0 of the smooth part of the algebra B(H) of linear bounded operators on the Hilbert space H on which the von Neumann algebra M acts, then any derivation with values in B 0 is implemented by an element in B 0 . In the particular case B 0 = K(H), this result amounts to (Theorem II in [P3] ). However, as we have seen in Section 1, there is a large fauna of non-compact operators in B(H) that are smooth over M , even when M is diffuse abelian.
One should mention that, while the proof of this result follows closely the ideas and line of proof in [P3] , the arguments in [P3] do not simply extend, as such, to this larger degree of generality, and we will need to resolve additional technical difficulties, notably in the proof of the analogue of (Lemma 1.1 in [P3] ). We overcome this through a careful usage of the incremental patching techniques in [P4,6,7] . 4.1. Theorem. Let M ⊂ B(H) be a normal representation of a von Neumann algebra M on a Hilbert space H. Let B 0 ⊂ s * (B(H)) be a Banach M sub-bimodule and δ : M → B 0 a derivation. Then there exists T ∈ K δ ∩ B 0 such that δ = adT .
Proof. By Theorem 3.5, we only need to prove 4.1 in the case M is of type II 1 with atomic center and δ vanishing on Z(M ). This means, we are actually reduced to proving the case when M is a II 1 factor. By writing M as an increasing union of a net of separable II 1 factors (see e.g. the proof of A.1.2 in [P8] ), and taking into account that if a derivation δ :
• ), it follows that it is sufficient to prove the statement in the case M is a separable II 1 factor.
By ([P1] ), M contains a hyperfinite II 1 subfactor R ⊂ M with trivial relative commutant, R ′ ∩ M = C1. By Theorem 3.7, we may assume δ vanishes on R. We want to prove that δ must then vanish on all M . We will do this by contradiction. If δ = 0, then there exists v ∈ U(M ) such that δ(v) = 0. Thus, there exists ξ 0 ∈ H such that the orthogonal projection 
′ , it follows that we may actually assume δ(v)(1),v = 1. At this point, we need some versions of (Lemma 1.1, Lemma 1.2 in [P3] 
The proof of the first of these lemmas follows the line of proof of (1.1 in [P3] ), using results from ( [P4] ) and the incremental patching techniques developed in ([P3, P4, P6, P7] ).
Lemma. Assume H is a separable Hilbert space and R ⊂ M is a hyperfinite
Proof. Note first that it is sufficient to prove the statement in the case H = L 2 M . Indeed, the statement only concerns spaces of the form M (ξ) ⊂ H, which are cyclic representations of M , thus included in the left regular representation. Also, if the p ξ is the orthogonal projection of H onto the closure H ξ of this space, then we clearly have p ξ T m p ξ ∈ s * (B(H ξ )). Moreover, in order to prove the statement in the case H = L 2 M , it is clearly sufficient to prove that for any finite sets
, any ε > 0 and any n ≥ 1, there exists a unitary element u ∈ R such that
Indeed, for if we have this, then we take {ξ n } n dense in the unit ball of L 2 M , {v n } n dense the norm
The sequence {u n } n will then clearly satisfy the condition in the statement of the lemma, by the density of {ξ n } n in (L 2 M ) 1 and {v n } n in U(M ). Denote by W the set of partial isometries w ∈ R with the properties that ww * = w * w and
. We endow W with the order given by w 1 ≤ w 2 , w 2 w * 1 w 1 = w 1 . Then (W, ≤) is clearly inductively ordered and we let w be a maximal element. All we need is to prove that w is a unitary element. Assume p = 1 − ww * = 0. If w 0 ∈ pRp is a partial isometry with w 0 w * 0 = w * 0 w 0 = q and we denote u = w + w 0 , then we have:
where the last line of (2) represents the sum of 2 k × 2 k elements, coming from developing the binomial powers ((w + w 0 )v) k in the scalar product of the first line of (2). The summations Σ
are indexed over i, j ≥ 1 and they have the following significance:
is the sum of all terms with i appearances of w 0 on the left hand side of the scalar product and no appearance on the right hand side, i.e. each such term is of the form
for some m 0 , m i ≥ 0 and m 1 , ..., m i−1 ≥ 1. Similarly, Σ ′ (0,j) is the sum of all terms with j appearances of w 0 on the right hand side of the scalar product and no appearance on the left hand side, i.e. each such term is of the form
for some n 0 , n j ≥ 0, n 1 , ..., n j−1 ≥ 1.
is the sum of all terms with i appearances of w 0 on the left hand side and j appearances of w 0 on the right hand side of the scalar product, i.e., each such term is of the form
We will show that we can make the choice of the partial isometry w 0 = 0 so that when estimating all the terms in (3), (4) and (5) they add up to a quantity ≤ ετ (w * 0 w 0 ). We construct w 0 by first choosing its support projection q ∈ R so that all the terms in (5) are small, then choose a Haar unitary w 0 ∈ qRq so that the terms in (3), (4) are small. Let δ > 0, which we will take to be sufficiently small, depending on ε > 0 and 2 n .
Estimating Σ ′ (i,j) . Each one of the terms in (5) has i ≥ 1 appearances of w 0 on the left and j ≥ 1 on the right hand side of the scalar product. If either i or j is at least 2, then the corresponding side of the scalar product will be of the form x 1 w 0 x 2 ...w 0 x p ξ, for some finite number of possible x i ∈ (M ) 1 . By using the fact that (pRp) ′ ∩ pM p = Cp and (see Theorem A.1.2 in [P8] , or Theorem 2.1 in [P4] ; see also Theorem 0.1 in [P6] ), it follows that there exists q ∈ pRp such that for all the x i that appear this way and all ξ ′ in a finite subset of (pL 2 M p) 1 we have
By using repeatedly the first inequality in (6) combined with the triangle inequality for 2 , with the Cauchy-Schwartz inequality and the second ineqality in (6), it follows that each element in (5) is at distance no more than n 2 δ q 2 2 = n 2 δτ (q) to an element of the form qKq(w
, with the number of possibilities for these terms depending on n.
But the operatorial norm qKq is small for q having sufficiently small trace, by the smoothness of K. Also, by the second inequality in (6), the "size" of the vectors w
with error controlled by δ q 2 . Altogether, this shows that all terms in (6) have absolute value majorized by n 2 δτ (q). Since there are at most 2 n × 2 n = 2 2n of them, if we take δ = εn −2 2 −2n /4, then the sum of the terms in Σ ′ (i,j) , with i ≥ 1, j ≥ 1 and at least one of them ≥ 2, is majorized by ε/4.
We now estimate the summation Σ ′ (1,1) , which consists of terms having exactly one occurrence of w 0 on the left and one on the right of the scalar product. But these are of the form qKqw 0 qξ ′ , w 0 qη ′ , for which we have by the Cauchy-Scwartz inequality and the second part of (6):
Since qKq can be made arbitrarily small for τ (q) small (by the smoothness of K), it follows that the Σ (1,1) can be majorized by ετ (q)/4 as well. 0,j) . Note that in the above estimates we only used the properties of the support projection q of w 0 . We will choose now w 0 ∈ U(qRq) to be a Haar unitary so that the sum over i of all the summations Σ ′ (i,0) is majorized by ετ (q)/4 (similarly for Σ ′ (0,j) ). Indeed, each one of the terms in these sums is either of the form (Π
. By the second inequality in (6), if i, j ≥ 2 then, combining with the first inequality in (6) and the Cauchy-Schwartz inequality, we get that each one of these terms can be perturbed by 2δ q 2 2 = 2δτ (q) to an element of the form w
are also of this form, but with i, j = 1. We can now take any Haar unitary u 0 ∈ qRq and use the fact that lim n u n ξ ′ , η ′ = 0, for any vectors ξ ′ , η ′ , to obtain that for any finite set
Putting now together the two sets of estimates, one gets that Σ
shows that the last line in (2) is further majorized by ετ (u * u). Thus, u = w + w 0 ∈ W, with w ≤ u, and since w 0 = 0, we have u = w, contradicting the maximality of w in W. Thus, w is actually a unitary and the Lemma is proved.
The second technical lemma corresponds to (Lemma 1.2 in [P3] ), but for s * (B) instead of K(H). It shows that once 4.2 holds true for a sequence of unitaries u n ∈ M δ then, as n → ∞, the restriction of δ to the abelian von Neumann algebra generated by the unitary u n v tends to behave "virtually" like the derivation of
) be a derivation. Let v ∈ U(M ) and assume {u n } n ⊂ U(M ) is a sequence of unitary elements such that δ(u n ) = 0, ∀n and
Proof. Let t > 0 be a positive integer. Since δ(u n ) = 0, we have
But by the assumptions in the hypothesis, it follows that whenever t − i − 1 = 0, we have:
and for any t − i − 1 ≥ 0 we have
Thus, from (1) and (3), for any integer t ≥ 1 we get:
while from (2) and (4) we get:
Now, if r < 0 and s is arbitrary, then the statement follows immediately from (6). If in turn r > 0, then by (5) we have for any integer s:
But if s − r + 1 = 1, then by hypothesis lim n δ(v) * u −1 n (u n v) s−r+11 = 0, so the second term in (7) tends to 0. Thus, if s = r, then lim n δ ((u n v) r )1, (u n v) s1 = 0. While if s = r > 0, then by (7) again, we get lim n δ((u n v)
The case r = 0 is trivial, because then we have (u n v) r = 1 and δ(1) = 0.
End of the proof of 4.1. From this point on, the rest of the proof of the theorem goes exactly the same way as the proof of (Theorem II in [P3] ), by using Lemmas 4.2, 4.3, in lieu of (Lemmas 1.1, 1.2 in [P3] ), as well as (Lemma 1.3 in [P3] ), which can be used unchanged. We include this last part of the argument, for completeness.
Recall that we have reduce the proof to the case M is a separable II 1 factor acting on H = L 2 M and δ :
We want to prove that δ = 0 on all M . We assumed by contradiction that there exists v ∈ U(M ) with δ(v) = 0 and we saw that we may assume δ(v)1,v = 1.
By 4.2, there exists a sequence of unitaries
implies that {(u n v) k } n tends weakly to 0, for all k = 0. By (Lemma 1.3 in [P3] ), this implies there exist Haar unitaries v n ∈ M such that lim n v n − u n v = 0. Since δ(v)1, v1 = 1 and δ is norm continuous, by Lemma 4.3 this implies lim n δ(v r n )1, v s n1 is equal to 1 if r = s > 0 and to 0 in all other cases. Take A n to be the von Neumann subalgebra of M generated by the Haar unitary v n and denote by e n the orthogonal projection onto
, with the identification sending the Haar unitary generating A n to the operator M z , acting on f ∈ L 2 (T) by multiplication with the function g(z) = z, we may view all δ n as derivations from L ∞ (T) into s * (B(L 2 (T)), which are uniformly bounded in norm by δ and uniformly smooth. Moreover, by spatiality, lim n δ n (M z r )1,ẑ s is equal to 1 if r = s > 0 and to 0 in all other cases.
We now fix a free ultrafilter ω on N and define ∆ : T) ) to be the weak limit over ω of δ n , then it is easy to see that ∆ is still a derivation, which satisfies ∆ ≤ δ and is smooth (because δ n are uniformly smooth). Moreover, we have
is equal to 1 if r = s > 0 and to 0 in all other cases. By using the derivation properties, this implies that ∆(M z )z r , z s is equal to 1 if r = 0, s = 1 and to 0 otherwise. But this means ∆(M z ) coincides with the the commutator [P, M z ], where P is the orthogonal projection of L 2 (T) onto the subspace H 2 (T) = sp{z k | k > 0}. Since both ∆ and adP are derivations and are weakly continuous (∆ is even smooth), and they coincide on the generator M z of L ∞ (T), it follows that ∆ = adP on all L ∞ (T). Since ∆ is smooth, this implies adP is smooth. Moreover, since adP takes compact values on the dense * -subalgebra sp{M z r | r ∈ Z} and is smooth, it takes compact values on all L ∞ (T). By 2.5 or 3.7, adP = adK for some K ∈ K(L 2 (T)).
for all k ∈ Z, with the left hand side tending to 1 as k → ∞ ant to 0 as k → −∞, while the right hand side is constant. This final contradiction finishes the proof. 
Thus, if we denote by (π τ , H τ ) the GNS representation of M 0 corresponding to the trace τ , then the map θ :
* -algebra morphism which is continuous from the unit ball of π(M 0 ) with the τ -topology to (M 0 p 0 ) 1 with the so-topology. This implies that θ extends to a
. This means that ker θ is given by a central projection
′′ z 0 and the rest of the statement follows from 4.1, once we notice that the extension by continuity of δ to all M = M p 0 is smooth (and is thus smooth valued).
Further comments
5.1. Generalized smooth cohomology. Note that the proof of 2.5 still works (and thus the conclusion in 2.5 still holds true) if we merely assume that B/B 0 is operatorial, instead of the (stronger) condition B operatorial.
But an even greater degree of generality for which the arguments in the proof of 2.5 work exactly the same way, is the following framework, inspired by the work in [PR] . Let M be a von Neumann algebra and B be a dual normal M -bimodule. Assume L ⊂ B * is a subset of the unit ball of B * with the property that if ϕ ∈ L then ϕ(x · y) ∈ L for any x, y ∈ (M ) 1 (so in particular λL ⊂ L for any λ ∈ C with |λ| ≤ 1). Moreover, we assume the set L is "separating" for B, i.e., ∀T ∈ B, ∃ϕ ∈ L such that ϕ(T ) = 0.
For
Note that L is a norm on B which is majorized by and is complete on the unit ball of (B, ). Moreover, (B, L ) is a normed M -bimodule and we denote by s * (B, L ) its smooth part. As in 1.2.1
• , this space is easily seen to be a Banach M -bimodule with respect to the usual norm , and its unit ball is complete in the norm L . Let now B 0 ⊂ s * (B, L ) be a sub-bimodule with the property that the unit ball of (B 0 , ) is complete in the norm L . In addition, we will require the norm implemented by L on the quotient space B/B 0 by T /B 0 L,ess = sup{ T −T 0 L | T 0 ∈ B 0 }, T ∈ B, to be operatorial, in the sense that for any T ∈ B and any p ∈ P(M ), we have:
5.1.1. Theorem. With the above assumptions and notations, let δ : M → B 0 be a derivation. Given any amenable von Neumann subalgebra B ⊂ M , δ is implemented on B by some T ∈ K δ,B ∩ B 0 . Moreover, if B is diffuse and wq-regular in M , then T implements δ on all M . And if B is a von Neumann algebra that contains M as a von Neumann subalgebra, then T implements δ on all M even if A is not wq-regular in M .
Exemples. 1
• If in the above we take L to be the whole unit ball of B * , then L coincides with the norm . 2
• Let M be a semifinite von Neumann factor and denote by J ⊂ M the compact ideal space of M, i.e., the set of all elements T ∈ M with the property that all spectral projections of |T | corresponding to intervals [c, ∞) for c > 0 are finite projections in M. Let T r be a normal semifinite trace on M and take L ⊂ M * to be the set of all normal functionals on M of the form ϕ x,y (T ) = T r(yT x), with x, y ∈ M, x ≤ 1, T r(x * x) ≤ 1, T r(y * y) ≤ 1. Then the corresponding norm L satisfies all the above conditions. Moreover, J is contained in s * (M, L ) and the quotient norm L,ess on M/J is operatorial. Thus, we recover in this case the framework and results obtained in [PR] , for which Theorem 5.1.1 provides a more abstract setting, with a higher degree of generalization.
Note that if M = B(H), for some Hilbert space H, then J = K(H) and L coincides with the operatorial norm on B(H). But for type II ∞ factors M, there are elements T in M for which T L < T . Moreover, if M ⊂ M is a von Neumann algebra and we view M as a dual M -bimodule by left/right multiplication of the elements in M by elements in M , then the norm is not smooth on J , and is not operatorial on M/J . While from the above we see that L is both smooth on J and operatorial on the quotient M/J . Thus, Theorem 5.1.1 is more general than Theorem 2.5.
Smooth n-cohomology.
We propose here a definition of higher Hochschild cohomology groups with smooth coefficients, H n s (M, B 0 ), n ≥ 2, which extends the 1-cohomology in Section 3 to all n. This is done in the spirit of the classical operatorial approach to Hochschild cohomology in [KR] , [JKR] (see also [SS] ), but with additional continuity requirements.
Thus, let B be a dual operatorial M -bimodule and B 0 ⊂ s * (B) a Banach M sub-bimodule. Denote by L n s (M, B 0 ) the space of n-linear maps Φ :
, which are separately s * -norm continuous in each variable, i.e. for each i and each fixed x 1 , ..., x i−1 , x i+1 , ..., x n , the map M ∋ x → Φ(x 1 , ..., x i−1 , x, x i+1 , ..., x n ) ∈ B 0 is continuous from the unit ball of M with the s * -topology to B 0 with its norm topology. We view {L n s (M, B 0 )} n as a chain complex with boundary operators
Denote by Z As we mentioned in Section 3, Theorems 3.7, 3.8, 4.1, can be formulated as vanishing 1-cohomology results, in the form
Note that smoothness is automatic for 1-cocycles (=derivations). Such "automatic continuity" phenomena for 1-cocycles are often present in cohomology theories involving operator algebras. But that's no longer the case for the higher cohomology. We have thus required smoothness in each variable, as part of the definition of n-cocycles.
Note that in the case the target smooth bimodule B 0 is the ideal of compact operators on the Hilbert space H on which M acts, B 0 = K(H), smoothness in each variable is in fact automatic, once separate weak-continuity is assumed, a fact that was pointed out in (Proposition 3 of [R] ). We recall here that statement and include a proof, for the reader's convenience, but also in order to emphasize the crucial way in which the assumption that the target bimodule is the space of compact operators is being used. This shows the difficulty of dealing with higher cohomology with coefficients in arbitrary smooth bimodules (even when restricting to cocycles that are smooth in each variable).
5.2.1. Lemma [Ra] . Let (M, τ ) be a finite von Neumann algebra, acting normally on the Hilbert space H. If Φ : M n → K(H) is n-linear, separately norm continuous and weakly continuous in each variable, then Φ is separately s * -norm continuous on the unit ball of M , in each variable. In particular,
Proof. By A.1, it is sufficient to prove that if F : M → K(H) is a bounded linear map which is weakly continuous (i.e. continuous from (M ) 1 with the σ(M, M * )-topology to K(H) with the σ(B(H), B(H) * )-toplogy), then for any mutually orthogonal projections e n ∈ P(M ) we have lim n F (e n ) = 0.
Assume by contradiction that there exist mutually orthogonal projections e n 's with F (e k ) ≥ c > 0, ∀n. Since F (e k ) are compact operators and they tend weakly to 0, it follows that we can choose recursively a fast growing sequence of integers k 1 << k 2 << ... such that F (e k n+1 ) is ε n+1 -supported by a finite rank projection p n+1 with p k p n+1 = 0, 1 ≤ k ≤ n. If ε n are taken sufficiently small, then by weak continuity of F we have that F (e) = F (Σ n e k n ) = Σ n F (e k n ) must be compact, while being norm close to Σ n p n F (e k n )p n , which is a non-compact operator (because under each p n there exist unit vectors on which p n F (e k n )p n has nom ≥ c/2). This contradiction completes the proof.
5.3. Towards a "good" cohomology theory for II 1 factors. The work in this paper can be viewed as a revisitation of techniques and results in [JP] and [P2,3] in light of the recent efforts ([CS], [Th] , [Pe] , etc) to find a "good" 1-cohomology theory for II 1 factors M . By a "good cohomology" we mean one that does not always vanish and can therefore detect properties of II 1 factors such as primeness, absence of Cartan subalgebras, infinite generation, etc. An ideal such theory should also be calculable and in the case of group II 1 factors M = L(Γ) should reflect the cohomology theory of the group Γ.
One can try to define such a cohomology theory on weakly dense * -subalgebras of M , as in one of the venues proposed in [CS] , or as in [Pe] . But this would require showing that the definition of the resulting invariant (the cohomology group, or at least its "dimension") does not depend on the choice of the dense subalgebra of M . Solving this type of problem has run into difficulties that seem insurmountable at the moment, similar to the problem of showing that Voiculescu's free entropy dimension of a set of generators of M is independent on the generators.
We have thus taken the point of view that a "good cohomology" for M should be everywhere defined. The key for a successful such cohomology is the choice of the target M -bimodules B. The M -bimodules may be purely algebraic, with no topology on them (as in [CS] ). But the danger in this case is that the resulting 1-cohomology may be non-zero for any II 1 factor. Also, in order for a cohomology to detect finite/infinite generation of M , a derivation δ : M → B should be uniquely determined by its values on a set of generators of M , imposing that δ satisfies some continuity properties. A topological version of the Connes-Shlyakhtenko's cohomology ([CS]) has been proposed by A. Thom in [Th] , where the target M -bimodule B is the space Aff(M ⊗M ), of all densely defined closable operators affiliated with M ⊗M , and δ : M → B are taken to be continuous from M with the norm topology to B with the topology of convergence in measure. But this 1-cohomology was shown to always vanish in [PV] (after prior work in this direction in [A] and [AKy] ). Moreover, it was proved in [PV] that any derivation δ : M → B that's continuous from M with the norm topology to B with any "reasonable" weak topology, is inner. So the approach in [CS] , [Th] , etc, is at a stalemate at the moment.
But we retain from the above that the class of M -bimodules B and derivations δ : M → B considered should satisfy some topological/continuity conditions. Another important "wishful" feature (which in fact the cohomologies in [CS] , [Th] do satisfy) is that derivations should be uniquely determined by their values on wq-regular diffuse von Neumann subalgebras of M and, if possible, to be "integrable" on abelian subalgebras. The first of this requirements is by analogy to properties in L 2 -cohomology of groups (see e.g. [PeT] ) and countable equivalence relations ( [G] ). It is a property that insures the 1-cohomology is "small" and calculable, and that it is vanishing once M contains wq-regular abelian diffuse subalgebras. This last property is best insured when any δ considered is inner (i.e. implemented by an element in B) on any abelian subalgebra A ⊂ M (δ is "integrable" on A). This is not the case in the initial Cheeger-Gromov approach to L 2 -cohomology, where the Γ-module is B = ℓ 2 Γ, but it is the case in the Peterson-Thom recent approach in [PeT] , where B if taken to be the bigger module Aff(L(Γ)).
The smooth operatorial bimodules and cohomology that we propose in this paper do satisfy all these requirements: (a) smooth derivations are uniquely determined by their values on sets of generators of the von Neumann algebra; (b) they are integrable on abelian subalgebras; (c) they are uniquely determined by their values on wq-regular diffuse subalgebras. The problem is, of course, that any such cohomology may be vanishing. In the (optimistic!) contrary case, one needs to find a class of smooth bimodules for which the general results in Theorems 2.5, 3.7, 3.8 (or 0.1 in the introduction) hold true, but for which there do exist II 1 factors M (e.g., M = L(F n )) that have non-inner derivations. The proof of Theorem 4.1 gives ideas and techniques that could be used to show that all smooth cohomologies vanish. Alternatively, 4.1 provides "boundary conditions" towards the search for a "good" class of bimodules B, by indicating the type of conditions they should NOT satisfy: if B is "too operatorial" (e.g. B a sub-bimodule in B(H) like in 4.1), then all derivations into the smooth part of B will be inner. The room to maneuver is slim, but there are ways to generalize even more the class of bimodules considered, while still having vanishing cohomology as in 2.5, 3.7, 3.8 (e.g., in the spirit of 5.1).
A.1. Lemma. Let (M, τ ) be a finite von Neumann algebra with a faithful normal trace and B a dual Banach space. Let F : M → B be a weakly continous linear map. Assume lim n F (e n ) = 0 for any sequence of mutually orthogonal projections in M . Then lim n F (x n ) = 0 for any sequence {x n } n in the unit ball of M that tends to 0 in the strong operator topology.
Proof. Let us prove first that lim n F (f n ) = 0 for any sequence f n ∈ P(M ) with τ (f n ) → 0. Suppose by contradiction that there exists such a sequence with F (f n ) ≥ c > 0, ∀n. By taking a subsequence, if necessary, we may assume Σ n τ (f n ) < ∞. Let g n = ∨ k≥n f k and note that g n is a decreasing sequence of projections with τ (g n ) ≤ Σ k≥n τ (f k ) → n 0.
Denote by s nm the support projection of f m g n f m . Then s nm ≤ f m and s nm is majorized (in the sense of comparison of projections) by g n . Thus, since τ is a trace, we have τ (s nm ) ≤ τ (g n ) → n 0 for each m. Since {g n } n is decreasing, {f m g n f m } n is decreasing, and thus {s nm } n is decreasing in n, for each m. It follows that {f m − s nm } n increases to f m , implying that {F (f m − s nm )} n is weakly convergent to L(f m ). By the inferior semicontinuity of the norm on B with respect to the w * -topology, it follows that for each fixed m and large enough n m , we have F (f m − s n m ,m ) ≥ c/2.
This shows that we can construct recursively an increasing sequence of integers n 1 < n 2 < ... such that the projections h k = f n k − s n k+1 ,n k satisfy F (h k ) ≥ c/2, ∀k. These projections also satisfy τ (h k ) ≤ τ (f n k ) → k 0. Moreover, by the definitions of h k and of s n k+1 ,n k , it follows that h k g n k+1 h k = 0, so in particular h k f n l = 0 for l ≥ k + 1. Thus, h k h l = 0, ∀l ≥ k + 1, i.e, {h k } k are mutually orthogonal projections. Since F (h k ) ≥ c/2, ∀k, this contradicts the fact that F is s * -norm continuous on atomic abelian von Neumann subalgebras. To prove that if {x n } n is an arbitrary sequence in (M ) 1 with x n 2 → 0, then F (x n ) → 0, it is clearly sufficient to show this for x n = x * n . Moreover, since |x n | 2 = x n 2 , it follows that if x n 2 → 0, then (x n ) + 2 → 0, (x n ) − 2 → 0, showing that it is sufficient to prove the implication for sequences x n ∈ (M + ) 1 , with τ (x n ) → 0. Let x n = Σ m≥1 2 −n e nm , e nm ∈ P(M ), be the dyadic decomposition of x n . It follows that τ (e nm ) → 0, ∀m. Let ε > 0. Let m 0 be so that 2 −m 0 ( F + 1) ≤ ε/2. By the first part of the proof, it follows that there exists n 0 such that F (e nk ) ≤ ε/2, ∀n ≥ n 0 and k ≤ m 0 . Thus, if n ≥ n 0 we have
A.2. Remark. If a von Neumann algebra M is normally represented on a Hilbert space H and we endow B = B(H) with the M -bimodule structure given by left -right multiplication by elements in M , and we let B 0 ⊂ s * (B) be the ideal of compact operators, B 0 = K(H), then the automatic smoothness of any derivation δ : M → B 0 was proved in [P2] . The argument consists in reducing the problem to the case M ≃ ℓ ∞ N (via Lemma A.1), which in turn follows from the innerness of compact valued derivations on atomic abelian von Neumann algebras, established in [JP] .
It was then noticed in [Ra] 
